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Abstract 

Backward stochastic partial differential equations of parabolic type with variable 
coefficients are considered in smooth domains. Existence and uniqueness results are 
given in weighted Sobolev spaces allowing the derivatives of the solutions to blow up 
near the boundary. 
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1 Introduction 

In this paper we consider the Dirichlet problem of backward stochastic partial different 
equations (BSPDEs, for short) of the form 



dp(t, x) 



9 ( '_Hfj. ^ 9 P _s , rk(, s ku ~\\ , lit* -\ d P 



— { ( o«(t, x)-^(t, x) + a lk (t, x)q k (t, x) \ + V(t, x)-^(t, x) - c(t, x)p(t, x) 
- X V ' J J ' ' (1.1) 

+ v k (t,x)q k (t,x) + F(t,x) dt + q k (t,x)dW k , (t, x) € [0, T] x V, 



where T> is a domain of d-dimensional Euclidean space, wherein = {W t k ;t > 0} is a d\- 
dimensional Wiener process generating a natural filtration {^t}t>0i an d the functions 
p(t,x) = p(uj,t,x) and q(t,x) = q(uj,t,x) are both unknown of which the first one 
should satisfy given terminal conditions on 17 x {T} x D and boundary conditions 
on f2 x (0, T) x dT>. The coefficients a, b, c, a, v and the free term F are random 
functions depending on (t, x). An adapted solution of this equation is a 8? x B(T>)- 
measurable function pair (p, q) satisfying the given terminal-boundary conditions and 
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solving Eq. (ll.ip under some appropriate sense, where is the cr-algebra of predictable 
sets on Q x (0, T) associated with {^t}t>o- 

BSPDEs, which is a natural extension of backward SDEs (see e.g. Pardoux-Peng 
|14j or El Karoui-Peng-Quenez [3]), arise in many applications of probability theory 
and stochastic processes, for instance in the optimal control of processes with incom- 
plete information, as adjoint equations of Duncan- Mortensen-Zakai filtration equations 
(see e.g. Bensoussan [2], Nagasa-Nisio [13], Zhou [23] and Tang [18], [19]). A class of 
fully nonlinear BSPDEs, the so-called backward stochastic Hamilton- Jacobi-Bellman 
equations, are also introduced in the study of controlled non-Markovian processes by 
Peng [15]. For more aspects of BSPDEs, we refer to e.g. Barbu-Ra§canu-Tessitore [I], 
Ma-Yong [11] and Tang-Zhang [20] . 

The works concerning the existence and uniqueness of the adapted solution to a 
BSPDE can be found in e.g. Bensoussan [2], Hu-Peng [5], Peng [15], Zhou [22], Tessitore 
|21j . Ma-Yong [12] and Tang [17j . However, most of these results are concerned with 
the Cauchy problem for BSPDEs, i.e. the case of T> = M. d . Indeed, the existence and 
uniqueness of the weak solution (see Definition l2.ip of Eq. (ll.l|) in a general domain can 
be easily obtained using the finite-dimensional approximation method (see e.g. |22j). 
However, the weak solution usually has poor smoothness properties. It is interesting 
to know the regularity with respect to x of the weak solution in association with the 
coefficients and free term of Eq. (jl.ip and the boundary data. The issue was investigated 
by Zhou [22j, Ma-Yong[12j, etc. for the Cauchy problem. Their approaches strictly 
depend on the fact that the derivatives of the unknown functions p, q with respect to 
x vanish at infinity, which do not work for the Dirichlet problem since the derivatives 
of p on the boundary is unknown and seems to be very difficult to handle. Note 
that a special form of Eq. (|l.ip with Dirichlet conditions was studied in [21] by using 
the method of semigroups, which required that the coefficients were independent of 
(u, t). To our best knowledge, there was no general result which concerns the Dirichlet 
problem for BSPDE (TO) . 

In this paper, we follow the approach of Krylov [8] and establish the existence and 
uniqueness results for the Dirichlet problem of Eq. (jl.lj) in weighted Sobolev spaces 
allowing the derivatives of the solution to blow up near the boundary of T> and con- 
cluding the interior regularity of the solution. The requirements on the coefficients 
are rather weak. The main difference from the investigation of SPDEs in [8] is that 
the (adapted) solution of (jl.ip . containing two components, has no explicit formula- 
tion without involving conditional expectation even in the simplest situation, which 
prevents us to directly prove the regularity of solutions of 1-dimensional equations. 
We shall overcome this difficulty with the aid of the method of continuation and the 
difference quotient. Just as the existing results for the Cauchy problem of BSPDEs, 
our work is also in the framework of W^- Indeed, it seems to be a big challenge to 
establish an L p -theory (p > 2) for BSPDEs. For the L p -theory of SPDEs, we refer to 
e.g. Krylov |9j, Kim-Krylov [6] and Kim [7]. 

This paper is organized as follows. In Section 2, we give some preliminaries and 
present our main results. Section 3 and Section 4 are the most essential parts of the 
whole paper, in which we investigate the equation on the half axis. In Section 5, we 
obtain a result for equations in the half space with the coefficients independent of x. 
This result help us, in Section 6, to proof a theorem which deals with equations in the 
half space. In Section 7, we complete the proof of our main theorem with the help of 
the result in Section 6. 
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2 Main results 



Let (Q, ^,{^t}t>o, P) be a complete filtered probability space on which is defined 
a cii-dimensional Wiener process W = {Wt;t > 0} such that {^t}t>o is the natural 
filtration generated by W, augmented by all the P-null sets in JF. Fix a positive 
number T. Denote by 8? the <7-algebra of predictable sets on S! x (0, T) associated 
with {^ t }t>o- 

Let P be a domain in W 1 with boundary of class C n+2 , where n is a nonnegative 
integer. 

For the sake of convenience, we denote 



d d 2 
Di — Q ,• ; Dij — - , t, i, j — 1, . . . , d, 

OX 1 OX l OXl 



and for any multi- index a = (ax, . . . , eta) 

A WAV 2 ( d Y d 



Moreover, denote by L*?/ and -D 2 n respectively the gradient and the Hessian matrix for 
the function u defined on M. d . We will also use the summation convention. 

Throughout the paper, by saying that a vector-valued or matrix-valued function 
belongs to a function space (for instance, Du G L 2 (T>)), we mean all the components 
belong to that space. 

Denote 

H°(X>) = L 2 (n x (O,T),0>,L 2 (V)), 
M 1 (V) = L 2 (nx(0,T),^,H^(V)), 

h _1 (d) = l 2 (q x (o,r),^ , ,ir- 1 (D)). 



Let V and if be two separable Hilbert spaces such that V is densely edmbedded in 
H. We identify i7 with its dual space, and denote by V the dual of V. We have then 
V C H C V'. Denote by || • the norms of H, by (•, -)h the scalar product in H, and 
by (•, •) the duality product between V and V. 

We consider three processes v (•,•), m(-, •) and defined on x [0, T] with 

values in V, H and V respectively. Let v(u>,t) be measurable with respect to (u,t) 
and be ^f-measurable with respect to u for a.e. t G [0, T]; for any ij £ V the quantity 
(r/ , v' (uj , t)) is J^j-measurable in w for a.e. i and is measurable with respect to (uJ,t). 
Assume that m(uj,t) is strongly continuous in t and is ^-measurable with respect to 
u for any t, and is a local martingale. Let (m) be the increasing process for ||m||^ in 
the Doob- Meyer Decomposition (see e.g. [TOj Page 1240]). 

Proceeding identically to the proof of Theorem 3.2 in Krylov-Rozovskii |10j . we 
have the following result concerning Ito's formula, which is the backward version of 
P3U Thm 3.2]. 

Lemma 2.1. Let <p G L 2 (Q,^t, H). Suppose that for any rj G V and any t G [0, T], 
it holds almost surely that 

("n,v{t)) H = (v,<p)h + J (rj,v'(s))ds + (7],m(T) -m(t)) H . 
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Then there exist a set SI' C s.t. P{Q') = 1 and a function h(t) with values in H such 
that 

a) h(t) is ,^i-measurable for any t G [0, T] and strongly continuous with respect to t 
for any u>, and h(t) = v(t) (in the space H) a.s. (uj,t) G O X [0, T], and h(T) = (p 
for any uj G Vt' ; 

b) for any uj G ft' and any t G [0, T], 



ip\\ 2 H + 2 (v(s),v'(s))ds + 2 (h(s),dm(s)) H + (m) T ~ (m) t . 



H 



Now consider Eq. fll.ip with the Dirichlet boundary condition 

P (t,x) = o, te[0,T), xedv, 

p(T,x) = (f>(x), x G V. 1 • j 

Definition 2.1. A 0* x B (T>) -measurable function pair (p,q) valued in R x R dl is 
called a (generalized or weak) solution of Eq. (|l.ip . if p G Hq(P) and q G H CI (2?), such 
that for any n G Hq(T>) and any t G [0,T], it holds almost surely that 

p(t,x)rj(x)dx = [ (j)(x)r)(x)dx + f [ { Di[a ij (t,x)Djp(t,x) + a ik (t,x)q k (t,x)] 
V Jv Jt Jv I 

+ b\t, x)Dip(t, x) - c(t, x)p(t, x) + u k (t, x)q k (t, x) 
+ F(t,x)\ri(x)dxdt - J q k (t,x)n(x)dxdW k . 

Such a definition can be found in [12] for the Cauchy problem of BSPDEs. The 
weak solution for SPDEs is referred to 1101. 



Assumption 1. The given functions a, b, c, a, v and F are x I? (Immeasurable with 
values in the set of real symmetric d x d matrices, in M. d , in R, in M c(xrfl , in R rfl and in 
R respectively. The real function <f> is J^r x S(P)-measurable. 

Using the duality method as in Zhou [22], in view of Lemma \2.\\ we can prove the 
following 

Lemma 2.2. Let the functions a, b, c, a, v satisfy Assumption^ and be bounded by K . 
Assume that kI + aa* < 2a < kT 1 /. Suppose F G H _1 (P), cj> G L 2 (tt,^ T , L 2 (V)). 
Then -Et/. ljl.ip with the boundary condition (|2.ip has a unique solution (p,q) in the 
space Hj(P) <g> H°(P) such that 

£?sup||p(t,-)|li2 (I)) + 1 1 -Dp 1 1 h° (i?) + II?IIhP(i>) < C(\\ F \\m-i(v) + W^Wh^iv)))^ 

where the constant C = C(k, K,T). 

A quite related result can be found in Peng [15\ Thm 2.2]. The counterpart result 
for SPDEs is referred to [10] and [16] . 



In this paper, we investigate the regularity of the (weak) solution of Eq. (|l.ip under 
some appropriate conditions on the coefficients, the free term and the boundary data. 
Before stating our main result, we introduce some more notations and assumptions. 
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Fix some constants K G (1, oo) and po, k G (0, 1). 

As well as the smoothness of dT>, we assume that there is a function ip G C n+2 (£>) 
such that ip(x) < K _1 dist(x, dV) if dist(x, <9P) < po and ip(x) > k(pq A dist(x, <9£>)) 
on T>. For instance, the function i/j exists for any bounded domain as a result of the 
Heine-Borel Theorem. 

Denote B + = {x G R d : \x\ < 1, x 1 > 0}, B p (x) = {y G R d : \x - y\ < p}. 

Assumption 2. For every x G dT> there exist a domain f7 C BsKp ( x ) containing the 
ball -£>4p (x) and a one-to-one map $ : 2£? + -> [/flP having the properties: 

x = *(0), $(B+)DB 4po (x)nP, K |^| 2 < |(^| 2 < K -i|e| 2 

for any £ G M d , and |Z} a< 3?| < K for any multi-index a with |a| < n + 2. Here is 
the Jacobi matrix of <!>. 

As well as ip the map $ exists for any bounded domain (with an appropriate po). 

Assumption 3. For any multi-indices a,/3 such that \a\ < n and |/3| < n + 1, we have 
kI + a a* <2a< re -1 !, 

^ |a| (|£> a a| + |£> a 6| + r/>|£> a c| + + ip\D a v\) < K, 

^W\+i D « F e b°{V), ^D p <j> G L 2 (fi,^ T ,L 2 (P)), 

The first inequality is so called the super-parabolic condition (see e.g. [121 pl39]). 

Assumption [3] implies that a, b and a are bounded (by K). 

Assumption 4. The functions c, v and the derivatives of a and a are bounded, that 
is 

\Da\ + \Da\ + |c| + \u\ < K. 

We will deal with several norms of various functions. Denote Q = Q(T) = (0, T) xT>. 
For an integer m and for real or complex- valued functions </>, u defined on £1 x D, Q x Q 
respectively we denote 



11011©= / \<P(x)\ 2 dx, \\uf Q = i \u(t,x)\ 2 dxdt, 

JV JQ 




The same notations will be used for vector-valued and matrix-valued functions, and in 
the latter case we denote |ti| 2 = ^ |u* fc | 2 . 

i,k 

Our main result is the following 



5 



Theorem 2.3. Let Assumptions [0|7] be satisfied. Then the equation 

dp = - [a tj D ijP + VD& -cp + a tk D iq k + v k q k + F]dt + q k dW t k 



(2.2) 



with the boundary condition (|2.ip has a unique solution (p, q) such that 



peUl{V), %l)D 2 p, q, ipDq G H 1 



(V). 



Moreover, for this solution pair and any multi-index (5 such that \(3\ <n + 1, we have 



^D p (Dp), ^D^qem°(V), ipWlPpe C([0, T], L 2 (P)) (a.s.), (2.3) 



Dp \f n+1 ,Q +Esup \\p(t, -)\\ 2 n+1}V + \\\q\\\l +1>Q < C(\\\if>F \\\l Q + HI m 2 n+1 , v ), (2.4) 



where the constant C depends only on the norm of ift in C n+2 (T>), on the parameters 
n, K, pq, k and T. 

The proof will be given in the final section. Note that the form of Eq. (|2,2p is slightly 
different from (jl.ip . which is beside the point because we could rewrite (|2,2p into the 
form of (jl.ip due to Assumption [H Now we give several remarks. 

Remark 2.1. Theorem 12 . 31 implies the interior regularity of the equation (|2.2|) . Indeed, 
for any domain T>' such that T>' C T> and for any multi- index (3 such that \(3\ < n + 1 
we have 



with the same constant C in (|2.4p and with d = dist(2?', &D). As a corollary, if n is 
large enough, then (p, q) becomes a classical solution (see e.g. [121 pl40]) for Eq, (|2.2p 
as a result of the Sobolev Imbedding Theorem. 

Remark 2.2. Although we assumed that d\ is finite, all constants denoted by C will 
be independent of d±, which allows us to extend our results to the most general case 
of equations like (|2,2p with any Hilbert-space valued Wiener process. For instance, d\ 
is infinite while q is Z 2 -valued process. 

Remark 2.3. With the help of the theory of interpolation, the main result in this 
paper could be generalized to functions with fractional derivatives, thus allowing n to 
be a fraction rather than an integer. 

Set \\h\\ 2 = J °° \ h(x)\ 2 dx. The next two lemmas proved in [8] will be used in several 
occations of our paper. 

Lemma 2.4. (a) // h(x) is a function of class HJ^CM.^), r > 0,and h(x) = for 
large x, then for any m > — ^ 



and moreover 




H°(x>') + ^ SU P \\ Dl3 p(t, OIIl 2 ^') + II^IIhopo 

<Cd~ 2 ^ +1 \\UF\\\l Q + \u\\\ 2 l+ltV ) 
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(b) If h(x) is a function of class H[ oc {R + ),r > 0,and h(x) = for large x, and 
p > 0, m > r — i, then 

\\ x m+P h {r)\\ „ || x "»( a J'/ l )('-)|| j 

in the sense that each norm times a constant, depending only on m,p,r, is greater 
than the other one. 

(c) // h(x) is a function of class iJ^ oc (R + ), r > 0,and h(x) = for large x, for any 
numbers n > p > 0, n > 1 we have 

\\x p h\\ < C(\\x n h\\ + \\h x \\) 

where C = C(n). 

Lemma 2.5. Let v be a function on D and ip be the function defined above. 

(a) Ifv^~ x ,Dv G L 2 (V), then v G H%(V). 

(b) Ifv,ipDv G L 2 {V), then G H%(p). 

(c) If v G Hl(V), then v^ 1 G L 2 (V). 

(d) Ifipv G L 2 (P), iften v G H' 1 ^). 



3 The 1-dimensional equation 

The investigation of one-dimensional equations in the next two sections is most essential 
in this paper. We denote 

R+ = (0,oo), Q = (0,T)xR+, HI • HI = HI • ||| Q , || • || = || • || R+ 

in the next two sections. 

Theorem 3.1. Fix constants k G (0,1) and Ao G R+. Let n and r be integers s.t. 
< r < n. Let (p,q) be a solution of the class Hq(R + ) ® M°(1R + ) for the equation 

dp = -[a 2 Pxx + 2ea\p x - X 2 p + 5 k aq k + ~/ k \q k + G x ]dt + q k dW t k , . . 

p(t,0) = 0, p(T,x) = 4>{x), t G [0,T], x G R+, l ' j 



with the assumption that the predictable functions a, A, e, 5 and 7 take values in 
and C dl respectively and are bounded and all are independent of x. Suppose that 



(3.2) 



k < a < k 1 , k\q < A < k 1 Ao, |5| 2 < 2 — n, 
x r G {r \...,G£ H°(R+), ^ (r) ,...ia 2 (!l,^,L 2 (I + )), 

and /or any zi , z 2 G C and any Z3 G C dl , 

2|zi| 2 + 2|z 2 | 2 + |^3 1 2 - 4Re(ez lZ2 ) - 2Re(5z 1 z 3 ) - 2Re(jz 2 z 3 ) 

>p^){\z l \ 2 + \z 2 \ 2 + \z 3 \ 2 ) (3.3) 

with the constant (i(k) > 0. Suppose finally that for a number p > the functions 
G(t,x),p(t,x) andq(t,x) vanish if x > p. Then 

x r p( r+1 \ . . . , Px ,x r q^\ ■ ■ ■ ,q G M°(R + ), x>« G C([0,T],L 2 (R + )) (a.s.), 
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and for a constant C depending only on n, r, k but independent of p and T , 
|||xV r+1) III +Ao III x n p (r) HI + HI x n qW HI +(^sup||xV r) (t,-)H 2 ) 1/2 

t<T 

^C^Aq 1 III x n G (r+1) |||) A \\\x n G^ HI +{E\\x n ^ r) \\ 2 ) 1/2 ] ( 3 - 4 ) 
+ C\l~ n [{\^ |||x r G (r+1) |||) A \\\x r G^ \\\+{E\\x r ^ r) \\ 2 ) 1/2 ], 

where we put |||x r G( r+1 ) ||| = oo ifx r G ( - r+1 ^ £ H°(M+). 

To prove this theorem, we need the following lemma, whose proof will be given in 
the next section. 

Lemma 3.2. Under the conditions of Theorem \3.1[ we have 
x r p<- r+1 \...,p x , x r q^\...,qeB°(m + ). 

Proof of Theorem \S.l\ Our proof consists of two steps. 

Step 1. Assume that Ao = 1. 

First of all, from Lemma 13.21 and from the fact 

it follows by induction that 

x j p ij+2) G H- 1 ^), a.e.(u,t) G O x [0,T], 
for any j = 0, . . . , r, and for any ip G Hq (R+) 

/ ipx^p^ +2 'dx = — ip x x^ p^^ 1 ' dx — / tpjx^~ 1 p^ +1 ^dx. 
Jr+ Jm. + Jr + 

Obviously the function x m p^ J> ' 2 ' G H _1 (M + ) for m > j (note that pit, x) = if x > p). 
Some similar arguments yield that 

x m G^ G a.e.(w,t) G Cl x [0,T], 

Moreover, in this situation for a.e.(u>,t) G f2 x [0, T], 

x ™-lpti) G L 2 {R + ), (x m p^) x = m(a; m "V i) ) + (x m p ij+1] ) G L 2 (R+), 

which along with Lemma l2.2l fa) implies 

x m p (j) G ffi(R + ) ) o.e.(a/,i) G SI x [0,T], 

Consider the following equation 

= _ (a 2 x m p® + 2£a\x m pf - X 2 x m p^ 

+ fcx"^ + 7 Ax m g (i) + x m Gi j) )dt + x m q ij) dW t . 



From the above arguments and Lemma 12.11 it follows that x m p^> G C([0, T], L 2 (R + )) 
(a.s.). Applying Ito's formula to evaluate ||a; m p^^|| 2 , we get that for any j < m A r 

d\\x m p^(t,-)\\ 2 

2a 2 \x m pf\ 2 + 4ma 2 x 2m - l Re{p^p^) - 4aAx 2m Re(sp^p^) 
+ 2\ 2 \x m pW\ 2 - 2x 2m Re{5ap^q^ + 7 A#g^) - 2x 2m Re{p^ G^) 



dx-dt+ / 2x 2m Re{p^q^)dx-dW t . 



+ \ x m q V)\2 



Using the integration by parts, we have 

f 4ma 2 x 2m ~ 1 Re(p^p^)dx= 2a 2 m{2m-l) [ x 2m - l {\p^\ 2 ) x dx 

= -2a 2 m(2m - l)||x m -y%, Of- 

Hence we get that 

-d\\x m pV\t,-)f+ [2a 2 ||x m ^ +1 )|| 2 + 2A 2 ||x>^|| 2 + \\x m q^\\ 2 ]dt 



2a 2 m{2m-l)\\x m - l p {j) \\ 2 dt + 



4a\x 2m Re{ep^pW) 



+ 2x 2m Re{5apfq^ + jXp^qW) + Amx 2m - 1 Re{5ap^ q^) 



(3.5) 



+ 2x 2m Re{p {j) G ( i ) ) 



dx-dt- / 2x 2m Re( y p {j) q {j) )dx-dW t . 



Applying the condition (|3.3j) to (|3.5p with z\ = ax m p^ +1 \z2 = Xx m p^\ z% = x m q^\ 
we have 

-d\\x m p ij \t, -)|| 2 + Kn) [a 2 ||x> (j ' +1) || 2 + X 2 \\x m p^\\ 2 + \\x m q^\\ 2 ]dt 



< 2a 2 m(2m - l^x^p^fdt + 



+ 2x 2m Re{p {j) G ( i ) ) 



dx ■ dt 



4mx 2m - 1 Re(Sap^q ij) ) 



2x 2m Re{p {j) q {j) )dx ■ dW t . 



By the Cauchy-Schwarz inequality, we get 
imx^^Reidap^q^dx 

h 

< m • 5 2 \\x m q ij) (t, -)\\ 2 + r^ 1 • kVl^tt, -)H 2 
2x 2m J Re(^' ) G(f' ) )(ix 

< r/ 2 • m 2 ||x m -V J ')(t, -)|| 2 + J7 2 ||ar m P (, ' +1) (t, Of + 2r] 2 1 \\x m G^ (t 
2x 2m Re(p ij) G i J ) )dx 

< m \\x m p^{t,-)\\ 2 + ^ l \\x m G^ +1 \t,-)\\ 2 . 
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Taking 771,772,% small enough and recalling Ao = 1 in this step, we get 

-d\\x m p (j \t,-)\\ 2 + V [\\x m p ij+1) \\ 2 + \\x m p®f + \\x m q ij) \\ 2 ]dt 
< C\\\x m - 1 p^f + \\x m G (j) f A \\x m G (j+1) || 2 ] dt + dMt, 



(3.6) 



where Mt is a local martingale such that dMt is equal to the last term in (|3.5p and 77 
depends only on k. In fact it is not hard to prove that Mt is a uniformly integrable 
martingale by the Burkholder-Davis-Gundy inequality. Then integrating this inequality 
with respect to t and taking expectations, we obtain 



Ti<CT^ 1 + CRi n , 

where 

Tl = \\\x m p( j+ V ||j 2 + HI x m p^ If + I x m ^')||| 2 , 
B? m = \\\x m G {j) If A HI x m G (j+1) If +E\\x m (t ) (j) \\ 2 . 

In particular, it follows from the similar argument that 

T ° < CRl 

which along with (|3,7p yields 



(3.7) 



Ti < CT^_j + C{Rl + ■■■ + R™~ j ) 
< CiRl^ + • ■ ■ + Rl) + C{Rl + 



where the constant C depends only on m, r, k but is independent of p and T. In 
particular for j = r,m = n and by Lemma 12.4( a) we have 



TZ < C (R n _ r + --- + R° ) + C(R r n + --- + R%- r ) 

< C(Rn- r H h Rq) + CR r n . 



(3.8) 



In order to estimate the last term on the left in (|3.4p we come back to (j3.6j) with 
j = r,m = n, by the Burkholder-Davis-Gundy inequality we have 



where 



Esup||xV r) (V 

t<T 



S T n=E 



< CT'zl + CRl + CSl 







<cr(|| 
< ct: 



R+ 

x>W HI 2 



2 -1 1/2 

2x 2n Re(p {r) q {r) )dx) dt 



(3.9) 



x n q^ HI 2 ) 



Combining (|3.8p and (|3.9p . we have 

r. n T.( r )/ 



r; + ssup ||xV rj (t, Olr < c«-r + 



+ i?[j) + CR£, 



where C = C(n, k). 
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Now we have to get rid of the term R^_ r H + R®. From Lemma \2A\ it follows 

that Rn~r — CRn, and moreover for < m < n — r — 1, 

\\x m <j>\\ < C\\x m+r ^ r) \\ < C(\\x n (t>^\\ + ||a:> (r) ||), 
||k m G||| < C(\\\x n G (r) ||| + |||x r G (r) |||), 
||k m G||| < C HI x m+r G {r) \\\ < C^x^G^ HI + HI x r G (r) |||) 

< C(|||x"G (r+1) ||| + |||a; r G (r) |||), 
||k m G||| < C HI x m+r+1 G^\\\ < C(\\\x n G {r+1) HI + HI x r G (r+1) |||), 
||k m G||| < C(|||x n - r G HI + HI G x \\\) < C(|||x ra GW HI + HI x r G^\\\). 

Therefore 

|||x m G||| A|||a ro G x ||| < |||x m G||| 
< C[(|||x n G (r+1) HI A HI x n G {r) \\\) + (|||x r G (r+1) HI A HI x r G (r) |||)]. 

So the inequality (|3.4p is proved in this situation. 

Step 2. The general case can be reduced to the case in Step 1 by scaling, that is by 
introducing the new functions 

p(t, x) = p(Aq 2 t, X^x), q(t, x) = \Q 1 q(X Q 2 t, X^x), 

G(t, x) = A x G(Ao \ A 1 x), 4>(x) = cf>(X^x), 

and a new Wiener process Wt = A0WA-2,. It is not hard to show that p, q satisfies the 
equation 

dp = -\a 2 p xx + 2ea(X\Q 1 )p x - {XX^fp 

+5aq x + 7 (AAg l )q + G x ]dt + qdW t , 
pM) = 0, p(X 2 T,x) = 4>(x). 

Direct calculus shows that 

|||s n p«||| = Ao" r+3/2 HI sV r) |||, lll^ (r) lll = Ao~ r+1/2 HI x n qV\\\, 
\\\x n & r ) HI = Ao~ r+1/2 HI x n G^ HI , \\x n $W || = A^ r+1/2 ||x"0M || . 

Note that the constant C in Step 1 is independent of the terminal time T and p. 
Hence the inequality (|3.4f) is easily obtained from the result in Step 1. The proof is 
complete. □ 

Remark 3.1. With the help of Lemma 12. 4( a). (b). we can rewrite (|3.2p into some 
convenient forms which will be used in Section 5 directly. Replacing n and r in (13.4|) 
by n + 1 and r + 1 respectively, we get 

\\\x n (x Pxx )^ \\\+X \\\x n (xp x )^\\\ 

+ \\\x n (xq x )^ HI +(Esn P \\x n (xp x f\t,-)\\ 2 ) 1 / 2 

*< T (3.10) 
<C[\\\x n (xG x )V |||+(£||*™(*^) (r) || 2 ) 1/2 ] 

+ CX r - n [ III x n (xG x )W HI +(E\\x n (x<p x )^ || 2 ) 1/2 ] , 



11 



for < r < n, if the right-hand side is finite. Furthermore, replacing n in (|3.4p by 

n + 1 , we get 



x 



\x Px )^ III +A HI x n (xp)^\\\ 
+ llk n M (r) III +(Esup\\x n (xp)^(t,-)\\ 2 ) 1 / 2 

t<T 

< CfAo 1 HI x n (xG x )V HI +{E\\x n {x^\\ 2 ) 1 / 2 ] 

+ cAq"" -1 [ in *>Gy w in +(^11^^^) w ii 2 ) 1 / 2 ] . 

for < r < n, if the right-hand side is finite. 



(3.11) 



4 Proof of Lemma 13.2 



We need several lemmas. First we define the difference quotient (see e.g. [3]) by 

„ . . u(x + h) — u(x — h) . , 
V h u(x) = -i ^, h ± 

for tt E L 2 (R). The following basic lemma about the difference quotient can be found 
in any fundamental textbooks on PDEs (e.g. [4]). 

Lemma 4.1. If u £ H 1 ^), then [|Vftit|| < \\u x \\, a-nd V^n — ► u x strongly in L 2 (W) as 
h | 0. 

To deal with the component q, we need the following 

Lemma 4.2. If u £ L 2 (M) ; t/ien ||V/iu[|_i < ||u||, and V/jU — ► u x strongly in .£f _1 (R) 
as h I 0. 

Proof. The first assertion follows from the previous lemma by duality. To prove the 
second assertion, we only need to verify that the Bessel potential (1 — A) -1 / 2 is com- 
mutative with the difference quotient and the differential operator D x . It obviously 
holds true since that the Fourier transforms of the three operator are 

respectively which are multipliers. □ 

Applying the Lebesgue's dominated convergence theorem, we easily obtain 
Corollary 4.3. (a) If p G Hj(R), i/ien 

l|Vhp|| H 0(K) < l|Pa;||]HI°(R), 

and V^p — ► p x strongly in Er(R) as /i j 0. 
(b) If q & H°(R), ffcen 

II^A9||h-1(M) < IkllHO(R)) 
and V/jO — > strongly in H -1 (R) as /i j 0. 
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Remark 4.1. If the functions p and q in Corollary 14,31 vanish for |x| > p, where p is a 
large number, it is easy to check that xVhP — > xp x strongly in H°(M) and xVhq — > xq x 
strongly in H _1 (R) as h j 0. 

The next lemma is known in the theory of Sobolev spaces. Note that a function in 
iT x (R) belongs to ch 



Lemma 4.4. Let u G be an odd function, then its restriction on R + belongs to 

H£(R + ). 

We also need the following lemma concerning the odd (or even) continuation of a 
function, in which we denote / as the odd (or even) continuation of the function / 
defined on R + . 

Lemma 4.5. Let n be an integer. Then 

/,.,// ( "»ei 2 W /,..,//Weli 2 (l), 

Proof. It is a direct result from Lemma 12.5( b). Indeed, without loss of generality, we 
assume that / vanishes for large x. Then f,xf G L 2 (R + ) implies xf G Hq(M.+), and 
then xf G if 1 (R) owning to the theory of Sobolev spaces. Thus xf G L 2 (R). Then 
the necessity easily follows from induction. The sufficiency is obvious. □ 



Furthermore, it is easy to show that x r f^ = x r f^ for any r < n, where x r /( r ) is 
the odd (or even) continuation of x r f^'\ Hence, for any r < n we have 

lk r / (r) ||^(R) =2||x-/ (r) ||^(R +) - 

Proof of Lemma \3. 3 The proof consists of the following three steps. 

Step 1. Assume that a = X,e = P = and 7 = 0. In this step, we denote 

III ' Ilk = III ' lll(0,T)xR- 

First from Lemma 12.21 we see that (p, q) is the unique (weak) solution of Eq. (|3.ip 
in the space Hj(R+) <g> M°(R + ). 

Let G be the even continuation of G and 4> be the odd continuation of <j>. It follows 
from Lemma 14.51 that 



G,...,x n G {n) G H°(R), 0,...,x> (r) e L 2 (^,^ T ,L 2 (R+)). (4.1) 
Thus according to Lemma 12.21 the equation 



dp = -\a?p xx - a 2 p + 5 k aq x + G x ]dt + q k dWj : , 
p(T,x) = 4>(x), t G [0,T], x G R, 



(4.2) 



has a unique solution pair 



such that 



\\\p x \\\l -\-E sup \\p(t, -)\\i + \\\q\\\l <C{\\G x \\ 2 m „ im + EU\\i), 

<C{\\\G\\\l+EU\\l). 
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(4.3) 



with the constant C = C(k,T). 

By symmetry the above functions p and q are odd with respect to x, and then from 
Lemma |44| their restrictions on R + belong to Hq(M + ) <8> H (R + ), which implies that 
p = p, q = q on R + (by the uniqueness of the weak solution) . 

Now applying xVh on both sides of Eq. (|4.2p , we have 



d(xV h p) = - [a 2 (xV h p) xx - a 2 x\7 h p + 5a(xV h q) x 

-2a 2 {Vhp) x - 6aV h q+(xV h G) x - V h G)dt + xV h qdW t , 
(xV h p)\ t =T = xV h 4>. 

In view of Lemma 14.21 it follows from Corollary 14.31 and (|4.3|) that 

in (xv h p) x mi + in xVfci/iii! 

< C( III V h p ml + ||V^|||_ 1(R) + \\\xV h G ml +||V fc G||£_i (R) + £?||xV h 0|||) 

< c( 111 mi + 111 g mi + in xG x mi + m g mi +-E||x^ a; ||i) 



(4.4) 



< C( HI xG x III! + III G llll +£||x<L||| + £7p"" 2 



Therefore, {xVhp} are bounded in Hj(lR) and {xV^g} are bounded in IH (R), uniformly 
with respect to h. Thus there exist two functions 

u G Hj(M), v g H°(R), 

which are respectively the weak limits of (subsequences of) {xV/j?} and {xV^g} in as 
hiO. 

On the other hand, it follows from Remark 14. II that xV \p — ► xp x strongly in H°(R) 
and xVhq — > xg^ strongly in HI _1 (R) as h J, 0. According to the uniqueness of the 
limit, we have 

xp x = u£ Hq(R), xg, = t)ei (R), 

which implies that 

G H°(R+). 

Moveover, it follows from (|4.4j) that 

III If + III xq x \\\ 2 < C( HI xG x If + HI G If +£||x<fe|| 2 + £|H| 2 ). (4.5) 

.Step Now we prove by induction the assertion of Lemma [3.2l under the assumption 
that a = A, e = (3 = 0, 7 = 0. 

First the assertion is proved for r = 1 in Step 1. 

Assume that the assertion holds true for some r > 1, that is the condition (|3,2p 
implies the following 

xV r+1 \ . . . ,p x ,x r q<r\ ..,96 M°(R + ). (4.6) 

Since the odd function xp x G Ho(R) (see Step 1), we have xp x G Hq(R + ). It is not hard 
to show the function pair (xp x ,xq x ) of the class Hq(R + ) 0lHI o (R + ) solves the equation 

( du = - [a 2 u xx - a 2 u + 5av x - 2a 2 p xx - 5aq x + xG xx ] dt + vdW t , 

\ u\ t =T = X<f>x 
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with unknown functions u, v. Prom the assumption (|4.6|) and the assumption (j3.2[) on 
G, 4> and r + 1, we see that the function 

-2a 2 p xx - 5aq x + xG„ = ( - 2a 2 p x - 5aq x + xG x ) x - G x 

and the integer r satisfy the condition (|3.2p . Applying our assumption to Eq. (j4.7p . we 
have 

x r (xp x t +1 \. . . , {xp x ) x ,x r (xq x t\. . .,xq x G H°(M+), 
which implies the assertion of Lemma 13.21 as a result of Lemma I2.4f b) . 
Step 3. Now consider the general situation. Rewrite Eq. (|4.2p as 

dp = -{a 2 p xx - a 2 p + 5 k aq k + [2ea\p + (A 2 - a 2 + i/3)-P 
- 7 fc AQ + G] x }dt + q k dW k , 

where 

P(t,x)= p(t,y)dy, Q(t,x)= q(t,y)dy. 

J X J X 

Note that P(t, x) = Q k (t, x) = for x > p and 

2eaXp + (A 2 - a 2 + - 7 fc AQ + G G H°(M+), 
x[2ea\p + (A 2 - a 2 + i/?)P - ~f k \Q + G] s G H°(R+). 

It follows from Step 1 that 

xpxx ,Px,xq x ,q G H° (R + ) . 

Identically as in Step 2, we prove by induction that Lemma 13.21 holds true in the 
general case for any r. The proof of the lemma is complete. □ 



5 The equation with coefficients independent of 

x 

In this section we are concerned with the equation whose coefficients are independent 
of x in the half space. Denote = {x G : x 1 > 0}. 

Theorem 5.1. Consider the following equation 

dp=- [a l W ljP + G ik D t q k + F]dt + q k dW t k , 
p(t,x) = 0, x G dR d + , (5.1) 
p(T,x) = (j)(x), x G Rf. 

Assume that a and a satisfy Assumption [7] and, in addition, they are bounded and 
independent of x and 

kI + aa* <2a< k^I, V(w, t). (5.2) 
Suppose that for any multi-indices a and (3 such that \a\ < n and \(3\ < n + 1 we have 
^\ a \+i D a F £ e 0( R d ) ; ^\P\dP(/, g L 2 {Q, L 2 (R d + )), (5.3) 
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where tp(x) = x 1 . Then equation (|5.ip has a unique solution (p,q) such that 

p£B^(R%), 4>D 2 p,q,i>Dq G M°(E^). 
For this solution and any multi-index (3 such that \(3\ < n + 1, we have 

I^O^flpj^l^^etff^), ^^^peC([0,T],I 2 (4)) (a.s.), (5.4) 
and moreover 

[UDM]l,Q + E S MHDp{t,-)\\] 2 m ^ +[||^?[|]^g (5-5) 

<c([UF\\]^ Q + \mi +lK ), 

where ip(x) = x l ,Q = (0, T) x K.i,m = 0, . . . ,n, and the constant C depends only on 
d, n, K and k. 

Proof. The proof consists of three steps. 

Step 1. We make the following additional assumption in this step. 

(A) i?a. (j5.ip has a unique solution (p,q) 6 Hj(R^_) ® 1°(R^), and for a number 
p > the functions F(t,x),p(t,x) and q(t,x) vanish if x 1 > p. 

Put 

i>oo 

G(t,x) = - F{t,s,x 2 ,...,x d )ds, (t,x) e [0,T] x R^, 

which belongs to H°(IR < ^). Indeed, note that for almost every (lu, t, x 2 , . . . , x d ), F as a 
function with respect to x 1 belongs to L 2 oc (R + ), which implies G(u!,t, -,x 2 , . . . ,x d ) G 
Hj- oc (R + ). With the help of Lemma l2.4l fb) it is not hard to show that ipG x i and (ipG) x i 
are of the same class while the former belongs to IH (R+), which implies G G H°(IR < ^). 
Moreover ip^D^G G H°(R^) for any (3 such that \(3\ <n + 1. 

Now for a function u(x) defined on R^, denote by u(x 1 , £ 2 , . . . , £ d ) its Fourier trans- 
form with respect to (x 2 , . . . , x d ). Then we see that for almost every £ = (^ 2 , . . . , £ d ) G 
M d_1 \{0}, the functions p = p(t, x 1 , £ 2 , . . . , £ d ) and q = q(t, x 1 , £ 2 , . . . , £ d ) satisfy the 
equation 



dp = — [a ll p x i x i + 2b l p x i -cp + a lk q^ + v k q k + G x i] dt + q k dW i 
p(t, 0,0=0, p(T,x 1 ,S) = 4>(x\£), £e 



k 

t ' 



pd-1 



(5.6) 



where 

i 1 = i ^2 a lj z j , c = ajk z j z k > " k = * 

In order to apply Theorem 13.11 we define 



/^TT, A 2 = Y oP k e^ k , e = {aXyH 1 



j,k>2 

rk — 1 lfe k \—l~k fr rj\ 

o = a a , 7=A v . (5.7) 

From the condition (15.2|) . it is not hard to show that the condition (j3.2[) of Theorem 
13.11 is satisfied with Ao = |£| 2 . However, the verification of condition (|3.3p is rather 
delicate and will be put in Step 3. 
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Now denote Q 1 = {(^x 1 ) : t G (O^),^ 1 G (0,oo)}. Applying (l37TU|) to Ea.([576l). 

for < r < m < n, we have 



v ; (dx r ) rV ' 



(9x 



+ 



< C 



r 



v ; (dx 1 )^ x y 



+ -Esup 



+ c\(\ 



-2(m-r) 



+ E 



(x 1 ) m -^---(x 1 p x i) 

y ' (dx 1 )^ x ' 



gr 



■^r^-ix 1 ^: 



(dx 1 



(x 1 )" (x l F) +E ( x l ) m -^-—{x 1 <t> x i) 
K ' (dx 1 ) my ' Q y 1 (dx 1 ) mK x 1 



0" 



for almost all £ = (£ 2 , . . . ,£ d ). We multiply this inequality by |£| 2 ( m r \ integrate with 
respect to £ G and sum the results over r = 0, . . . ,m. Then we see that 



WPx^xAWl^Q + WWPx^yWfma + [H^&l ||]^ )Q + E SUp[\x l p x l |]^ R d (*) 

< C{[\x l F\\\* Q + [\\x l <t> x 4\l^h 



where the subscript y stands for any first-order derivative with respect to x 2 , 
For < r < m < n from (|3.1ip we have 



(5.8) 



,x d . 



(dx 1 







,x 



Wr {xlf>) 



+ 



.hm 



\X 



+ -Esup 

t<T 



.hm 



0' 



wr {xlf>) 



(t) 



+ C , |^|~ 2 ( m_r+1 ) 



5'' 



+ E 



Qi 



'x 1 ) m f ~ l - 



pom 

v ; (dx 1 )"^ ; 



(<9x 



„l\m 
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for almost all £ = (£ 2 , . . . , £ d ). We multiply this inequality by |£| 2 ( m r + 1 ) ) integrate 
with respect to £ G and sum the results over r = 0, . . . , m. Then we see that 



WWPx^yWfm^Q + [IkWlOm.Q + [Ik^ylO^Q +^SUp[|x 1 p y |]^ Rd (t) 

t<T ' + 

< Ci^FW^Q + [||xV,l||]L Mi + [\\x l d>y\\] 2 mRi }. 



(5.9) 



Combining (|5.8p and (|5.9p . we get that 



t<T 



(5.10) 



5tep 2. We now remove the assumption (A) made in Step 1. 
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Prom Lemma 12.21 we deduce that Eq. H5.ip has a unique solution 

(p,q) 6 Hq(R^) (g> H°(R C |_), 

such that 

\\\Dp \\\ 2 Q +Esup \\p(t, -)\\l d + \\\q\\\ 2 Q < C(\\Ff B _ 1(md) + HHIlL ), 

where C = C(d, k,,T). From Lemma |2.5| it follows that 

HI Dp \f Q +Esup \\p(t, -)\\l d+ + IlkHI^ < C{\UF \f Q + HI «/>|||^). (5.11) 

We shall prove that these functions are exactly what we need. Its uniqueness is clear 
from the above argument. To establish the relation (|5.5p . now take an infinitely differ- 
entiable function Q(y) defined for y G R and such that ((y) = 1 for y S [0, 1], C = for 
y > 2. Define ( £ (y) = ((ey), and 

p £ (t, x) = p(t, x)C £ (x 1 ), q e (t, x) = q(t, x)C e (A 

where the parameter e will approach infinity in the future. It is obvious that 

(p £ ,q £ ) E Ho(R+) <g> HI^R^), 

which satisfy the equation 

dp £ = -[a ij D ijP e + aW iq £ + F £ ]dt + q £ dW t k , 
p £ (t,x) = 0, x e <9R^., (5.12) 
p £ (T,x) = ((>{x)C £ {x l ), x e R*{, 

where 

F £ = F( £ - 2 £ a 1 ^^/ - a 11 ^ - a 1 ^- 
i>2 

Now let us make an assumption which will be justified later: suppose that for an integer 
r < n + 1 and a multi-index a such that |a| < r 

^ D a p x , ^D a qe B°{R d + ). (5.13) 

Note that for any multi-index /3 the functions 

l^^iAM, \^ m+2 D^l |^ I+1 ^CV| 

are bounded uniformly with respect to e and tend to zero when e — > 0. Using this and 



18 



Lemma 12.41 for m <r and for e — > 0, we get 



\a\=m 

<c Yl M m+1 ( D ^ e x i)D a P,\h 

\a\ + \/3\=m 

= C J2 \U m \D P Qr)^D a p x \\\ Q - 0, 

\a\ + \j3\=m 
\a\ + \/3\=m 

= c ]T lll^ l+2 (zA^,i)^ |Qhl ^lllQ 
+ cE M m+1 (D^ £ xV )p\\\ Q ^o, 

\P\=m 

miM\\m, Q <c \u m+ \D?e x ^ H D a q \\\ Q ^Q. 

\a\+\/3\=m 

This along with the result in Step 1 applied to Eq. (|5.12p after passing to the limit when 
e — > oo yields 



[\\4>D'p\\]^ Q + Esup[\\i>Dp(t, 



t<T 



+ [UDq\\} 2 m,Q 



<c([UF^l, Q + [umt >K ), 

for any m < r An. This inequality implies that relation (|5.13p with r + 1 holds true 
under the assumption (|5.13p with r. Since for r = relation (|5.13p follows from (|5.1ip . 
by induction we obtain (|5.5p . 



Step 3. Verification of condition (|3.3j) . 

We need the following lemma from linear algebra. 

Lemma 5.2. Suppose K > 0, then there exists a positive number A such that 

\z\ 2 + \w-Az\ 2 > A(|z| 2 + M 2 ) 

holds for any z G C m , w G C n and yl G £ nxm , so long as \A\ 2 < K. 

Proof. Since \Az\ 2 < K\z\ 2 , it follows that for any number A G (0, 1/2] 

\z\ 2 + \w- Az\ 2 
= \z\ 2 + |u>| 2 - 2Re{w*Az) + \Az\ 2 



> \z\ 2 + \w\ 2 + \Az\ 2 - 

> \z\ 2 + \\w\ 2 - 2\\Az\ 2 

> (I - 2XK)\z\ 2 + X\w\ 2 



(1 - A)|^| 2 + 



1 



1 - A 



\Az\ 



The lemma is proved by taking A = min {l/2, (4-fT) x }. 
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□ 



We now prove Theorem 15. 11 Take any complex numbers u,v, Zk(k = 1, . . . , d\) and 
define £ = a~ 1 u,7] = X~ 1 v. Put the di-dimensional vectors 



z = Oi, . . .,z dl ), 

S = (S\...,S^), 7 = ( 7 \..., 7 ^), 
a^ = (a^\...,a^), j = l,...,d. 

Recalling (|5.7p and using the standard technique in linear algebra, we have 

2\u\ 2 + 2\v\ 2 + \z\ 2 - 4Re(euv) - 2Re(5uz) - 2Re(jvz) 
= 2a 2 \C\ 2 + 2X 2 \r]\ 2 + \z\ 2 - 4a\Re(e(r]) - 2aRe{5C,z) - 2XRe(jf]z) 
( 2a 11 -2i a Vj i j a 1 \ 

T 



J>2 



V 



(C V z) 

( 

(C n) 

di 

+ z k + a lk ( + iY,° jk Z j V 



V 



I 



2i £ a lj & 2 <**W » E 
i>2 j,l>2 j>2 

(<? l ) T -i( E ^') T 

i>2 

2a 11 - Icr 1 1 2 -i E(2a lj - £ a 1 *^'*)^" 

i E (2a^ - E (T lk ^ k )^ 2 Yl ( 2ail - E <T jk a lk )&£ 1 

\ J>2 fc j,i>2 fc 



k=l 



J>2 



j,Z fc=l 

where the matrix 
and 



E y'VV + E + ^ lfe c + < E ^ 



i>2 



5 4 (fr? 7 ) =2(a^ 7 ) — (TC* >kI 



V 1 =C,if = £ j V,3 = 2,...,d. 

Note that aa* < k -1 /. These along with Lemma 15.21 (put ^4 = <t<t*) yield that there 
exists a positive number /i = //(re) such that 

2|u| 2 + 2|w| 2 + |z| 2 - £Re(euv) - 2Re{5uz) + 2Re(jvz) 

> *(ici 2 + E i^i 2 + E h + fflfe c + * E °^l 2 ) 

^ j>2 fc=l j>2 ' 



i>2 

>^(ici 2 + iei 2 N 2 + ki 2 ) 

> ^K 2 (|li| 2 + M 2 + \z\ 2 ). 

The proof is complete. 



□ 



6 The equation in the half space 

The proof of our main theorem, Theorem 16. 1\ is based on the following 
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Theorem 6.1. Let T> = WL in Assumptions^ andQ Replace ip(x) by ip(x) = x 1 in 
Assumption^ Consider the following simple form of the equation (12. 2ft 



dp = -[a i W lj p + <T ik D iq k + F]dt + q k dW t k , 
p(t,x) = 0, x G dR<{, (6.1) 
p(T,x) = <p(x), x G K+. 

Suppose that for a constant 5 > and for any (lo, t, x) we have 

\a(t,x) - a Q (t)\ < 5, \a(t,x) - a (t)\ < 5, (6.2) 

where ao(t) and o~o(t) are some functions of (t,uj) satisfying Assumption^ and\^ 

We assert that, under these assumptions, there exists a constant 5(d, n, k,T) > 
such that if 5 < 5(d,n, k,T) then 

(i) ,E(/. (j6.ip has a unique solution (p,q) such that 

p G Ml(R d + ), ^D 2 p, q, 4>Dq £ U°(R d + ). 

(ii) For this solution and any multi-index j3 such that \[3\ < n + 1, we have 

^D^Dp), JWDPq G M°(R d + ), ^D^p G C([0, T],L 2 (R d h )) (a.s.), (6.3) 
and moreover 

\\\ Dp Wlm+^Q +E sup \\p(t, •)£ +1Rd +||klllm+i,Q (6.4) 

t<T ' + 

< c(\uf \f m , Q + in n\ 2 m+1>K ), 

where m < n, Q = (0, T) x R+, and the constant C depends only on d, n, K, k and 
T. 

Proof. With the help of Theorem 15.11 we can recursively define a sequence of function 
pairs (p r , q r ), r = 1, 2, . . . as solutions of the equations 

d Pr = - [afiDVpr + a^D^r + (a ij - og')^p r -i 

+ (a { - ai)D l q r ^ + F]dt + q r dW t (6.5) 

in Q = (0, T) x with the given boundary data and with po = 0, qo = 0. We denote 
by C m the right-hand side in (|5.5p . Now let 

I? = [UD 2 p r \\] 2 m<Q + [UDq r \\] 2 m , Q , r > 1, m < n, 

and from estimate (|5.5p we get 

I™ + E S up[UDp r (t,.)\\} 2 mRd 

t<T ' + 

< C m + C{[U(a^ - a^DVpr^Q + [\\^ - a^^-lll]^}- 
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With the aid of Assumption El (16. 20 and Lemma 12.41 it is easy to check that 
[\\^-a^p r ^\\] 2 m>Q 
<CJ2 lll^ m+1 (^'- ai j )D<*(DVp r ^)\\\ 2 Q 

\a\=m 

+ C Y \U m (D l3 a lj )^ al+1 D a {D lj p r ^ 1 )\\\ 2 Q 
< C5[||^Z> 2 jv-i||]^g + C Y [II^V-i||]£o 



k<m 



< 051™!+ CY Ir-V 



k<m 



Similarly, 



Hence 



k<m 



I™ + E S u V [UD Pr \\]l iRd (t) <C m + Cdl^U + C Y, Ir-i, (6-6) 

— fc<m 

where the constant C depends only on d, n, K and k, and I™ = 0. It follows easily by 
induction from ([6.60 that if 5 is small enough (depending on C), then I™ < CC m for 
any r > 1, m < n with C = C(d, n, K, k). 
Moreover, recalling ([5.110 . we obtain that 

Ill^Pr \\\q + III Qr \\? Q +£sup \\ Pr (t, -)||^ < CC + CSI?^ < CC 

t<T + 

with this constant C = C(d,n,K,K,T). 

If we apply a similar argument to p r — p r -i and q r — q r -i, we will see that the 
expression 

[||-D(pr-Fr-l)||]ro,Q + [ll?r ~ Qr-l\\]m,Q + E Sjp[|| (p r ~ Pr-l)(t, ') ||]^ jM d -» 
as r — ► oo. 

This obviously gives us a function pair (p, q) as the limit of (p r , q r ), with properties 
(15. 40 and ([5.50 . We will show this pair is what we need. 
From Theorem 15. 1[ the following equation 

du = - [aQ j D ij u + alrtv + (a ij - a! j )D lj p + (a* - a^D'q + F]dt + vdW t 

in Q = (0,T) x with the boundary data u(t,x) = 0,x £ dR + ;u(T,x) = <f>(x),x £ 
R+, has a unique solution (u, v) with properties ([5.40 and ([5.50 . Applying a similar 
argument to u — p T and v — q r , we obtain that 

[||^ 2 («- Pr )||]^ Q + [||^(^-^)||]^ Q +£; S up[||^(«-p r )(i,0l|]^ Kd 



\D(u- Pr ) |||q + III f - Cfr |||q +-Bsup ||(lt — p r )(t, ')\\™d 

t<T 4 
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< C7,5|||V^ 2 (p-Pr-l)|||^Q, 
-Pr)(^')|||d 

< C5\UD 2 (p- Pr ^) \\\ 2 . 



By taking r — > oo, it is easy to show that u = p,v = q, which implies that (p, q) is a 
solution pair of Eq. (|6,ip . 

To prove the uniqueness, assume that (pi, qi), (p2, q 2 ) are two solutions of Eq. (16.1j) 
such that 

Pi , Dp u ^D 2 p u q { , ipDqi G M°(<). 
It is not hard to obtain that 

\\\4>D 2 ( Pl -p 2 ) \\\ 2 Q + HI D( Pl -p 2 ) \\\ 2 Q +Esup\\(pi -P2)(t,-)\\ 2 Rd 

t<T + 

+ INi - (fclllo < C6\\\i>D 2 ( Pl -p 2 )\\\ 2 Q , 

which implies that p\ = p 2 ,q\ = 52 by taking 5 small enough and the theorem is proved. 

□ 



7 Proof of Theorem [213 



The proof is quite standard, which is divided into two steps. 

Step 1. First we will show, without using Theorem 16.11 that the second inclusion 
in (12. 3p holds for any solution (p, q) such that (p, q) G Hq(2?) H (2?) and the first 
inclusion in ()2.3[) holds. Note that for any |/3| < n + 1 



dtyWDPp) = - ^D^[a ij D ijP + VDip -cp + a ik D ig k + v k q k + F]dt 



+ ^D l3 q k dW t k . 

By virtue of the first inclusion in (|2,3p and by Lemma I2.5f b) we have 
ipWDPpeUl(V), ip^D^q G H°(P), 



(7.1) 



(7.2) 



^ +1 D a [a ij D ijP + VDffi -cp + a ik D iq k + v k q k + F] G M°(P), 

for any |a| < n, |/3| < n + 1. In order to apply Lemma |2.1| it remains to verify 

^\P\D p [a ij D ijP + WDip -cp + a ik D iq k + v k q k + F] G ET^P), (7.3) 

which holds true for (3 = as a result of Lemma 12.5( d) and the observation that 

il>a lj D ijP , b l D iP , ipcp, ipa ik D iq k , ^v k q k , ipF G H°(X>). 

In fact, relation (|7.3p holds true for any (3 with |/3| < n + 1. Indeed, if /? = a + 7 with 
|a| < n and I7I = 1, then 

D^(^ a \ +1 D a [a lj D tj p + b l D t p -cp + a lk D iQ k + v k q k + F]) 
=iP^DP[a lj D ljP + VDip -cp + a lk D lQ k + v k q k + F] 

+ |/3|(i7V)^ |a| ^ a [a y AiP + 6*Ap - + ^ fc A^ fc + zA fc + H 

where the left-hand side is in H (P) owing to (|7.2p . An obvious induction gives (|7.3p 
for any |/3| < n + 1. 

To sum up the above arguments the second inclusion in (|2.3p follows from (|7.ip and 
Lemma 12.11 
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Step 2. Since ipF £ M°(T>) in our assumption, it follows from Lemma 12.5( d) that 
F 6 H _1 (P). Since Da and Da are bounded, Eq. (|2,2p can be rewritten in divergence 
form (like (jl.ip ). Therefore, by Lemma 12.21 there exists a unique solution (p,q) of 
Eq.([22} belonging to Hj(2?) ® M°(V) such that 

IllPalllo + llklllg < C(K,L,K,T)(\UF\\\ 2 Q + \U\\\l). (7.4) 



Now take a small p £ (0, po) satisfying the following two conditions. 

(1) For any (w, i) and x,y £V, 

\a(t,x)-a(t,y)\<5, \a(t,x) - a(t,y)\ < 8 (7.5) 

if \x — y\ < p, where <5 = 5(d,n, k,T) is taken from Theorem 16. 11 

Here we only require the equicontinuity of a(u>,t,-) and cr(uj,t,-) on T> for all 

(u),t) £ £1 x [0,T], which is implied by Assumption [4} 

(2) If x,y belong to the same domain U from Assumption [51 then for any (u>,t), 

\D^(x)a(t,x){D^(x))* - D^(y)a(t,y)(D^(y))*\ < S 1} 

\DV(x)5(jb,x) -DV(y)8(t,y)\ < S x (7.6) 

if \x — y\ < p, where the constant 5\ = 5i(d, n, k 2 ,T) and ^ is the inverse for $. 

Take any functions (,V G C(f (M ') such that supp(C) C B 2p (0), J Qdx = 1, Q(x) = 1 
for \x\ < p, and 7/(y) = 1 for \y\ < 1, i](y) = for \y\ > 2, < r] < 1. For any z£l' ! 
define 

C 2 (x) = C(x-z), p 2 (t,^) =p(t,x)C 2 (x), g*(t,s) =g(t,a:)C z (x). 
Now consider two case. 

Case 1. dist(z, dV) < 2po- Then V n supp(p^) C [/flP, where f7 is taken from 
Assumption [2j Define 

u z {t, y) = p z {t, x)r)(y), v z (t, y) = q z {t, x)rj(y), 

with x = $(y) in Q = (0,T) x R* + . Obviously (u z ,z z ) £ Hj(K|) ® H°(R^.). It is not 
hard to check that the functions u 2 , z z satisfy the equation 

du z = ~[d ij u z lyJ + a ik v z y k + F]dt + v z > k dW k , (7.7) 
where (observe that u z = 0, v z = whenever 77 7^ 1) 

x = <D(y), x = $(0), L° = „''•'',£_,., + 6*^, 
5«(i,y) = a"fos)\l^^ 

a ik (t,y) = a rk (t,x)% r (x) V (y) + a rk (t,x )% r (x )(l - V (y)), 

F(t,y) = (C z F)(t,x) V (y) + Px r(t,x)Q r 1 (t,y) + p(t,x)@ 2 (t,y) + q k (t,x)G k (t,y), 

ei(t,y) = [(( z L ^)(t,x)V yt (t,y)-2(a^( z )(t,x)My), 

© 2 (t,y) = [(C^v^ftx^foy) - (£°C 2 + cC 2 )(t,x)My), 
eg(t, y ) = (^c 2 -^C0(i,^(y). 

24 



The choice of p (see (17. 6p ) and our assumptions about |(-D#)£| from Assumption [2] 
show that a, a satisfy the first condition in Assumption [3] and condition (|6.2p with k 2 
instead of n, with the corresponding 5, and with ag(t) = a(t, 0) (see Theorem 16. ip . It 
is also easy to check that other conditions of Assumption [3] with n = (and another 
constant K) are satisfied for Eq. (|7.7p . Therefore, by Theorem 16.11 with n = for F as 
above, Eq. (|7.7p has a unique solution (u, v) such that 



u £ Ho(K+), ^%/, v, e H°( 



with ip(y) = y 1 . Moreover, this solution is unique in the space Hq(R^) (g)H°(R^), since 
Eq. (|7.7p can be rewritten in divergence form. Hence we deduce that 

Now we apply the estimates from Theorem 16.11 to Eq. ()7.7p . First of all, we note 
that for any function h 

D2(d yi h)=D%(h x r& yi )= cU D S h * r ) D J%<i ( 7 ' 8 ) 

/3+7=« 

where are some constants. Observe that (recalling ip = y 1 ) from our assumptions 
on if; and <& there exists a constant C depending only on k such that 

CT x ${y) < < C^{y) 

with x = &(y),y £ 2B + . Hence from the formula f|T.8j) and Assumption [3] , we get 

V^l (1^6x1 + \D%$Q 2 )\ + |D°(^e 3 )|) < C, \a\ < n. 

Denote 

Q = (0,T)xl^ + , D(z,r) = B r {z)r\V, 

Q(z, r) = (0, T) x £>(z, r), p x = 8K Po , m < n. 
From Lemma 12.4( b) we have (functions r] = rj(y) are different in different place) 

i\\^ Z Fv\\? m ,Q =[\MF(W- 1 C Z v)\\} 2 m ,Q<C Y, ll|r?> m ^(^)lll| 

\a\<m 

<c Y 111^^(^)111^ <C £ |||^ H ^ a (^)llfe, Pl ) 

|a|<m |o|<m 

where r] a = rj a (y) are some bounded functions vanishing if \y\ > 2. Moreover, using a 
formula similar to (|7.8p with x and ?/ interchanged and Lemma 12.41 (a).(b). we have 

l\\P*\\} 2 m + l,Q M ^ [W(C Z P)x\\] 2 m+1 , Q = C Y lll^ +1 ^ a (C»ll| 2 Q 

\a\=m+l 

= C Y M m+1 D a u z x \\\ 2 Q <C Y \\^ m+lD y u y\\\l 

|a|=m+l |a|<m+l 

<cY^<Ko = C \\\^y\t^ 



r<m 

l+l,D M ^ [KMV)|]Ln,I> < CUu Z y (t,-)\\ 2 mK 
l+l,Q M < [l|C Z 9||]^+l,Q < C III hi t mA ■ 
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Bearing in mind several similar estimates and from Theorem 16.11 we obtain 



III Pa; lllm+l,QO,p) + E SU P IIK*> ') Wm+l,D(z,p) + IIMIIm+l.QCz^) 

t< T ' (7.9) 

^ iii2 1 1 1 2 i i 1 1 1 2 ... 2 \ 

III V F \\\m,Q(z, Pl ) + III ^ W\m+l,D(z, Pl ) + III i> lllm+l,Q(^, Pl ) + III <? IIL,Q( 2 , Pl ) J 

for any m < n under the same condition of finiteness. 

Case 2. dist(z, &D) > 2po- This case can easily be reduced to the first one. Indeed, we 
can replace the domain T> by any half space with boundary lying at a distance 2po from 
z. In this situation it is unnecessary to flatten the boundary and to make any change 
of coordinates. Then as above we get an estimate similar to (I7.9P with norms defined 
with the help of the distance from the new boundary. As above from this estimate we 
get (I7.9p . keeping in mind that the new distance and ip are bounded away from zero 
on supp(C 2 p). 

Integrating (17. 9p with respect to all z £ f 1 , we obtain that 



\\Px \\\m+l,Q +#SUp \\p(t, OHm+l,© + HMHm+l,Q 



t<T 



< C( III IpF ||| m> Q + HI 4> \\\ m +l,V + III P IIU+1,Q + III Q \\\m,Q )> 



(7.10) 



where the constant C depends on n, K, po, k and modulus of continuity of a and a (see 

(USD). 

For m = the right-hand of (I7.10p is finite since p,p x ,Q £ EI (D). It follows from 
induction that the right-hand of (|7.10p is finite for any m < n, which indicates the first 
inclusion in (|2.3p . Observe that the above estimate also holds if we replace the initial 
time zero by any s £ [0, T). Then by the Gronwall inequality and induction, we get 

\\\Px \\\l+l,Q +Esup \\p(t, Olln+l.P + IIMIIn+l,Q 
t<T 

<C( III ^|||^ + |||0 + ||k|||^ Q ) (7-H) 

< C( III i>F\f niQ + \\\cf>\\\l +li - D + \\\q |||). 



This along with the inequality (|7.4p yields the estimate ([27 

The uniqueness of the solution follows from Lemma 12.21 The proof is complete. 

Remark 7. 1 . Instead of Assumption HI we could also obtain the inequality (17.10P by 
a weaker condition, i.e., the equicontinuity of a(u, t, ■) and a{u, t, ■) on V (recall (|7.5p ). 
provided the last two terms of (|7.10p is finite for m = 0. However, this condition, which 
is natural for SPDEs (see [8]), is not enough for us to estimate the quantity \\\q \\\q (see 
(|7.11jl ) which does not appear in a SPDE. It is interesting to seek a condition, that is 
weaker than Assumption HI also guarantees the finiteness of |||g|||Q. 
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